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A GENERAL METHOD AND FORTRAN PROGRAM 
FOR THE DESIGN OF RECURSIVE DIGITAL FILTERS 

INTRODUCTION 

A very tedious problem often confronting engineers is the design of a 
frequency selective digital filter that meets a desired set of specifications. The 
task is especially laborious and the theory quite complex when the filter has to 
be designed to satisfy very demanding requirements.   Considerations such as 
these have often caused the designer to settle for a filter with characteristics 
further from the ideal rectangular type response than is desired.   Described 
tier ein is a general method for the design of digital filters and a versatile 
FORTRAN program (listed in the appendix) that will carry out the design of any 
low-pass, high-pass, bandpass, or band-reject digital filter in any of the 
standard forms (i.e., Butterworth, Chebyshev, or elliptic). The user need only 
provide the program with a set of structured specifications, and as output he 
obtains the transfer function of the minimum order filter that meets his require- 
ments.    For convenience, the transfer function is expressed in a form that 
allows immediate implementation is a cascade type realization.   The user also 
has the option of obtaining plots of the frequency response (both magnitude and 
phase) and the unit sample response of the filter. 

Complicated design problems will no longer demand so much time and 
effort, as has especially been the case with elliptic filters.   Moreover, it is 
suspected that elliptic filters may be preferred now for many applications since 
they normally require a lower order filter than that required by the currently 
more common Butterworth and Chebyshev filters.   The advantage lies in the 
fact that a lower order implies fewer computations in the recursive scheme used 
in implementing the filter. The principal argument against elliptic filters in the 
past has been the time consuming and complicated design process. 

In this report instructions for the use of the computer program are dis - 
cussed first and then its use by example is illustrated.   Discussion of the 
underlying theory is deferred to the latter part of the report since its compre- 
hension is not recessary in order to successfully use the program and the 
resulting filter. 

m      ..—-—, 
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USE OF THE COMPUTER PROGRAM 

One data card, which provides the program with the desired set of speci- 
fications, should be used for each filter to be designed.   The structure of the 
data card is shown in table 1.  Also, figure 1, which illustrates how the various 
input parameters should be interpreted on plots of typical frequency curves, 
should be helpful to the user.   More detailed descriptions of the input parame- 
ters and other special notes now follow. 

Table 1.   Data Card Structure 

Input Variable Format Columns Brief Description 

SRATE F8.0 1-8 Sampling rate 

FCLOW F8.0 9-16 Lower cutoff frequency 

FCfflGH F8.0 17-24 Higher cutoff frequency 

RIPPLE F6.0 25-30 Passband ripple 

FSLOW F8»0 31-38 Lower stopband boundary 

FSfflGH F8.0 39-46 Higher stopband boundary 

STPLVL F4.0 47-50 Minimum stopband attenuation 

IKIND 11 51 Kind of ülter desired (i.e., 
Chebyshev, Butterworth, elliptic) 

ITYPE 11 52 Type of filter desired (e.g., 
low-pass, or high-pass.) 

NPOLES 12 53-54 Order desired; set equal to /.ero 
for calculation of order 

IPLOT 11 56 Set*0 for plot of magnitude 
of frequency response 

NPTS 14 57-60 Number of points in unit sample 
response 

FLOW F10.0 61-70 Lowest frequency in plots 

FHIGH F10.0 71-80 Highest frequency in plots 

•—*—»"" - HMMMi« „üääL MMM wmmB^Bmamt^^^m 
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The first input parameter, SRÄTE, is the sampling rate and is normally 
the number of data samples per second.   However, any time unit can be used, 
and in fact, one might choose a fictitious value here with the intention of con- 
structing a filter whose cutoff is a certain percentage of the Nyquist rate.   For 
example, a low-pass filter with a cutoff that is one-quarter of Nyquist could be 
obtained by choosing SRATE to be 200 Hz and the cutoff to be 25 Hz.  Note that 
this same filter, if applied to data sampled at some other rate, would no longer 
have cutoff at 25 Hz, but its cutoff would shift to one-quarter of the new Nyquist 
rate. 

The quantities FCLOW aud FCHIGH are the cutoff frequencies of the filter, 
and raust be given in the same units as SRATE.   Note that if a low-pass or high- 
pass filter is desired, there is only one cutoff frequency and this value should 
be read into FCLOW. 

The quantity RIPPLE is the maximum passband ripple (in decibels) to be 
allowed.  In the case of a Butterworth filter, where the response is monotonic, 
RIPPLE is not used.   Note also that RIPPLE should always be a positive 
quantity. 

The parameters FSLOW and FSHIGH are similar to FCLOW and FCHIGH, 
but they mark the boundaries between stcnband and transition band.   Here too 
the quantity FSHIGH is not used in the low-pass or high-pass case. 

The next specification, STPLVL, is the minimum stopband attenuation 
(in decibels) the user will tolerate.   This should also always be a positive 
quantity. 

The value 1, 2, or 3 of the variaule IK3ND determines which kind of 
filter will be designed, that is, Chebyahev, Butterworth, or elliptic, respec- 
tively. 

Similarly, the value 1, 2, 3, or 4 of ITYPE determines the shape of the 
filter that will be designed, that is, low-pass, high-pass, bandpass, or band- 
reject, respectively. 

4 
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The value of NPOLES should normally be read in as zero, and the correct 
order will foe calculated.   However, the uaer may (except in the elliptic case) 
choose a positive integer here if he desires a filter of some specific order. 
This integer should be the order of the basic low-pass structure desired before 
transformation.  In converting a lew-pass filter to either a bandpass or band- 
reject filter, the method doubles the number of poles; thus, to get a band-reject 
filter of order 18, NPOLES should be set equal to 9.  If NPOLES is given as 
nonzero, the quantities FSLOW, FSHIGH, and STOLVL are not used since the 
given order determines these quantities uniquely.   NPOLES is restricted to be 
less than or equal to 20, since it is anticipated that filters of these orders can 
meet any reasonable set of requirements.   However, if necessary, one could 
merely increase the array dimensions used in the program in order to obtain 
filters of higher order. 

The remaining input parameters control the plotc produced by the program. 
If tue user does not have access to the Stromberg Carlson 4060 Integrated 
Graphics System, he should remove the corresponding code or replace it by a 
code that is compatible with his plotter. 

If tor some reason the user does not want any of the three available plots, 
he should set the parameter IPLOT to zero.  The number of points desired in 
the u'.-it sample response should be read into NPTS.  This quantity must not be 
greater than 1000 and has a default value of 100 if the corresponding field in the 
data card is left blank.   The values given to the quantities FLOW and FHIGH 
merely restrict the plots of magnitude and phase to the range between these two 
frequencies. All information can be seen by plotting from zero to Nyquist, since 
the curve is periodic with period SRATE and is symmetric about Nyquist. How- 
ever, one can expand a small frequency range for closer examination. 

If more than one filter is desired, a similar data card for each should be 
used and a blank card should be placed last. 

The following typical example illustrates the points just discussed.   Sup- 
pose that an elliptic bandpasa digital filter with cutoffs at 2000 Hz and 3000 Hz 
is desired.   Assume that the sampling rate is 10,000 Hz, that the filter is to be 
at least 30 dB down by 1800 Hz and 3200 Hz, and that the tolerable ripple in the 
passband is 0.5 dB.   The fo'1.owing is a list of the proper input parameters for 
tnis problem: 

- 
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SRATE 10000.0 

FCLOW 5000.0 

FCfflGH 3000-° 

RIPPLE °«5 

FSLOW 1800-° 

FSfflGH 3200.0 

STPLVL 30.0 

IKIND 3 

ITYPE 3 

NPOLES ° 

IPLOT l 

NPTS 200 

FLOW 0.0 

FfflGH 5000.0 

Figures 2 through 5 show the printed and plotted outputs for the example 
in question. Note that the range of the magnitude plot is from 0 dB to -50 dB, 
which can easily be increased if desired. 

«MHIW 
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T1!E0HV "lOGRAMMING METHOD 

PRELIMINARIES 

Each of the major steps presented in the following synopsis of operations 
performed by the program will be discussed in greater deUil in succeeding 
sections: 

a. Certain critical frequencies in the digital z-plane are given as input 
parameters.   These must be transformed to continuous s-plane critical fre- 
quencies sime much of the design process is carried out in the s-plane. 

b. The minimum order filter of the appropriate kind that will meet the 
specifications is computed. 

c. The s-plane pole-zero pattern of a unity bandwidth low-pass analog 
filter of proper order is determined. 

d. These s-plane poles and zeros are mapped to the z-plane poles and 
zeros of the required filter. 

e. The poles and zeros of the desired transfer function determine the 
function up to some constant factor; the required constant is obtained by forcing 
the maximum value of the amplitude characteristic to be unity (0 dB). 

f. Next,  the transfer function is manipulated into a form that can be 
immediately implemented in cascade form. 

g. The magnitude and phase of the transfer function evaluated on the unit 
circle in the z-plane (i.e., the frequency response) is plotted in the frequency 
range specified by the user. 

h.   Finally, the unit 3ample response of the desired filter is plotted. 

11 
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A few facts from Alter theory are now presented as background for later 
discussion.   The three kinds of filers considered in this report have magnitude 
characteristics in the analog plane defined by the following equations: I 

Butterworth |H(W|*.—^ 
i +n 

(la) 

Chebyshev |Höß>r 
+ €2 V*(fi) 

(lb) 

elliptic |HÖ«)|2 = 1 

1    r €2 ^(ß) 
(lc) 

where 

H(«)  = the transfer function of the unity bandwidth low-pass filter 

Q      = radian frequency 

n       = the order of the filter 

€        =10 - 1, where R is the amount of passband ripple 
(in decibels) 

V_(») = Chebyshev polynomial of order n 

*n» = 
sn 

sn 

"   K(ka)       j 

.pK(kT8n (n'k)'\| 
r     KOCI> -i    i 
LK(ki)+nK(k78n  ^,k),kiJ* D 

n odd 

even, 

where 

sn(*, •) = Jacobian elliptic function 

K(.)     = complete elliptic integral of the first kind 

12 



r»^,ü^-,*r^r?»/7^/.-r^T^-r.-'-"'*^ -.-.•.»pjyCTwsBaiy, 

TR 4629 

S g 
k   - 1/n  ,  ß   being the start of the stopband 

kj=€/ 
„S/20 , n— 

VA   - 1, with A = 10        and S equal to the minimum 
stopband attenuation (in decibels). 

Two types of mappings that play a major role in the method will now be 
presented.   The first is a map that converts a unity bandwidth low-pass analog 
filter, say H(s),   into an analog filter of another type with different cutoff(s). 
If H(s) is such a. ruler, then we see that 

H(s/flC) 

H(ßC/s) 

is low-j/asf with cutoff ß 

is high-pass with cutoff ß 

(2a) 

(2b) 

and 

s2 ♦ «° «< 

8   + °1 °2. 

c c 
is bandpass with cutoffs ß« and fl„ 

i 2 

c c 
is band-reject with cutoffs ß   and ß 

1 iL 

(2c) 

(2d) 

A second mapping, called the bilinear transformation, maps the s-plane 
to the z-plane and can be used to convert an analog filter to a digital filter. The 
mapping is given by 

z =• 
1 +s 

(3) 

Note that the imaginary axis in the s-plane is mapped to the unit circle in the 
z-plane and that the left half of the s-plane is mapped inside the unit circle 
in the z-plane.   Thus, a stable analog filter will be mapped to a stable digital 
filter and the digital frequency response from zero to Nyquist will take on 
exactly the same values as the analog frequency response from zero to infinity. 
Also, note that the aliasing problem inherent in filters designed by the method 
of impulse invariance is not present here since the mapping is invertible.   It is 
often stated that this method has the drawback of warping the frequency scale. 
However, no real problem exists, since the critical frequencies in a design 
problem can be "prewarped, " as described in the next section. 

13 
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la the literature, the terms Butterworth, Chebyshev, and elliptic are used 
in the description of low-pass analog filters.   In this report these terms are 
also used in describing filters of other types that have been obtained by the pre- 
vious two mappings. 

ANALOG CRITICAL FREQUENCIES 

The given digital critical frequencies must be transformed to the analog 
plane in such a way that when they are later mapped back to the z-plane by the 
bilinear transformation they will be mapped to the proper values.   This 
»prewar ' ng" of the critical frequencies is carried out by the map 

fl = tan(*p) , (4) 

where 

fi = continuous radian frequency 

w = digital radian frequency 

T = time between samples. 

The following argument will convince the reader of this result.   Using the in- 
verse of the bilinear transformation (3), we can relate any z-plane point to its 
corresponding s-plane point, i.e., 

z - 1 
a = 7TT- 

iwT For  z = e     ,   at which points we obtain the digital frequency response, the 
corresponding s -plane point is 

e       +i 

But the analog frequency response is obtained by evaluating the transfer function 
at s = jQ.   Thus, we have the correspondence dictated by (4).   Now when we 
apply the bilinear transformation to cur s-plane filter, we can be sure we will 
end up with a filter with proper digital critical frequencies. 

14 
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DETERMINATION OF MINIMUM ORDER 

We will first solve the problem for the low-pass case and then show how 
any of the other cases can be reduced to an equivalent problem. 

c c 
Let u    and   ß    be the desired digital and analog radian cutoff frequen- 

cies, respectively, and let «s and  fls be the frequencies at which the stopband 
begins.   By (4), these frequencies are connected by the relations 

flC-tan,2 m 
and 

where 

c c 
w   = 2itl 

W
s 

f  and F are the given input specifications in hertz. 

Next, define the "transition ratio, " an important factor in determining the 
required order, by 

Using the expressions (la)-(lc) given previously for the three magnitude 
characteristics, we can determine  N,   the minimum order that will satisfy the 
filter requirements.   Omitting details of the algebra, we now present, general 
expressions for calculation of N, 

If a Butterworth filter is desired,   N  can be computed as the smallest 
integer that is greater than 

iog10gos/10-i) 

2 iog10 «T 

15 
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For a Chebyshev filter, we compute the required order by finding the 
smallest value of N: 

T      /lOS/1° ■ i\ I/* 

Finally, if an elliptic filter is desired, we determine  N by finding the 
smallest integer that is greater than 

K(jl-k^)K(l/nT) 

K(k1)K|>/l-(VßT)2J 

All the parameters used in these expressions have been defined in this or 
previous sections. 

The only additional problem arises in the elliptic case and results from 
the fact that the expression above will ordinarily not be an integer and must be 
rounded upwards.   Since it is required that 

K(l/nT) n *(jR) 

the value of kj  must be recalculated after N is determined.   A convenient 
formula* for recomputation of kj  is 

i2 

k: = 

where 

L     l=i J 

i=l 

q = exp I- NrrK(. JT^F) 
K(k) 

Note here that k = 1/fi   . 

*R. M. Fano, "A Note on the Solution of Certain Approximation Problems 
in Network Synthesis," J. Franklin Institute, vol. 249, 1950, pp. 189-205. 

16 
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Now the problem of determination of minimum order for the low-pass case 
is solved. For any other case we define ßT differently but proceed exactly as 
in the low-pass case.   For the high-pass case the appropriate definition is 

ßs 

For the bandpass case choose 

ßT = min   (flj",  Oj) , 

and for the band-reject case choose 

fi   = min [——, —- . 

1 where the   ß,  are given by 

flT = 

^s.2       c    c <n.) -n, o„ 

of (Bj - oj) 
i = 1,2. 

By   Qj  and   ß£ we mean the two cutoff frequencies, and by  flj  and ß£ we 
mean the two boundaries between stopband and transition band. 

These rules for determination of   ß     and,  hence,   N,   for filter types 
other than low-pass,  follow directly from (2a)-(2d),  the transformations that 
convert a low-pass filter to one of another type.   Note, however, that in the 
bandpass and band-reject cases, the computed N will equal the order of the 
basic low-pass structure before transformation to the filter of proper type. 
The actual order of the final filter will be 2N. 

In the above we have chosen the minimum order filter which meets the 
user's requirements.   It should be mentioned; however, that the user may find 
another order more appealing in certain special cases.   For example, for band- 
reject Chebyshev or elliptic filters that are derived from even order low-pass 
structures, we find that the magnitude characteristic is asymptotic to -R dB in 

17 
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the passband, and is actually near -R dB over a large percentage of the frequency 
range.   Thus, a filter derived from an odd order low-pass structure may be 
preferred here, since its frequency response is asymptotic to 0 dB, the ideal 
value in the passband. 

DETERMINATION OF S-PLANE 
POLE-ZERO PATTERN 

A lengthy but straightforward task is the computation of the pole-zero 
pattern of a continuous unity bandwidth low-pass filter of order N.   The tech- 
niques are adequately reviewed by Gold and Rader* and will not be repeated 
here.   However, it is not necessary to keep track of all poles and zeros since 
they always occur in complex conjugate pairs, and It is not necessary to com- 
pute any zeros, except in the elliptic case, since they are always at infinity in 
the s-plane. 

Also, the complete elliptic integral of the first kind, which is needed in 
the elliptic design problem, is given exactly by 

1 
1 

KW=i[(1-,Wt2,]l/2 

t but in the program is approximated by the formula 

K(m)= (a0 + a1m1+... + a^) + (bQ + b^ + •.. + b4m*)ln ^ 

*B. Gold and CM. Rac  r, Digital Processing of Signals, McGraw-Hill 
Book Company, Inc., 1969, p*.   48-97. 

"'M. Abramowitz and I. A. Stegun, Handbook of Mathematical Rinctions, 
Dover Publications, 1964, pp. 567-607< 
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where 

aQ= 1.38629436112 

3j = 0.09666344259 

a = 0.03590092383 

a3 = 0.03742563713 

a, = 0.01451196212 
4 

b0=0.5 

b = 0.12498593597 

b ■ 0.06880248576 

b   = 0.0332835534b 
ö 

b„ = 0.00441787012 
4 

and 

m 

m   = 1 - m. 
~8 

The maximum error in this formula is 2 x 10     when 0 < m < 1, in which range 
m will always be. 

Also, other approximations* are used in the calculation of elliptic poles and 
zeros. Iterative and/or series calculations can be used to replace these approxi- 
mations but the results obtained with them were deemed sufficiently accurate. 

CALCULATION OF POLE-ZERO PATTERN 
OF THE DESIRED DIGITAL FILTER 

Once the s-piane poles and zeros of a unity bandwidth low-pass continuous 
filter of proper order and kind have been determined, it is possible to map these 
to the poles and zeros of the desired digital filter, which may be of any type with 
any cutoff(s). 

Although the calculations vary by type of filter desired, the method is 
basically the same, and will be shown for the bandpass case only. If H(s) is the 
transfer function of a unity bandwidth low-pass continuous filter of order N, then 

HA(3) = H 
'   + Bl "2 

b (?l - «DJ 
*Gold and Rader, op. cit. 

19 



TR 4629 

is the transfer function of a continuous bandpass filter of order 2N with cutoffs 
ÖJ and  ß£. 

NOT applying the bilinear transformation (3), we see tsat 

2 

V=HA[lä] = H (£) ♦ «: ß. 

O « - ">)J 
is the transfer function of a bandpass digital filter of order 2N with cutoffs at 

K) 
c    2 .    -1 / c\ «2=Ttan    (Q2j. 

c    2       -1 /„c\ 

and 

Now if we solve the equation 

s = 
(£)*« 
(w) (»2° -«?) 

for  z in terms of s,   we obtain 

2 2 1/2 
__(p-l)± (s'd   -4p)1" 

=™_      8d - 1 - p 

where 

P-^n2 

«=ß2ß°   • 
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We can merely substitute the previously computed s -plane poles and zeros into 
this expression to obtain the poles and zeros of the desired digital bandpass 
transfer function H.£)(z).   Note that each point in the s-plane is mapped to two 
z-plane points, and thus the number of poles and zeros doubles.   Actually, the 
computations are not carried out for the zeros unless we are working with an 
elliptic filter since  HD(Z) will always have  N  zeros at z = 1  and N zeros 
at z = -1.   This follows from the fact that the s-plane zeros are all at infinity. 

When we have calculated the z-plane poles and zeros, we have determined 
the desired transfer function up to some constant factor. In the next section we 
will determine that constant. 

CALCULATION OF THE CONSTANT 
MULTIPLIER 

Thus far we have determined the transfer junction,   Hß(z),   of the desired 
filter as 

N 

K "* 

i=l 
n>-z>> 

n>-pi> 
i=l 

where 

K = constant multiplier to be determined 

N = order of filter 

z. = calculated zeros 
l 

p. = calculated poles, 
i 

Knowing the value of HD(z)  Tor any  z (z * z.  or p.) will enable us to deter- 
mine   K uniquely. 
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Let E be defined by 

, for N odd or Butterworth 

■I A-' 
ll/Vl+€2, otherwise j 

i 

Now for any low-pass continuous filter of the kinds considered in this report, 

'Is- VI !0
=E 

and, in particular, this holds true for the unity bandwidth low-pass filter con- 
structed previously.   Thus, if we knew the point ZQ in the z-plane to which the 
point s = 0 is mapped, we could merely set 

HD(z)|        = E 
z=z 

0 

and solve for the quantity K. 

From the theory of the previous section it follows that the proper values 
for  z0 are 

low-pass       z   = 1 
o 

high-pass      z   = -1 

bandpass       z   = r-^-i- ± j~r-» where  p=flj Ö, , as before, * ol-pl+p 12 

band-reject   z   = ± 1. 

For example, in the bandpass case we know that any point s0 in the s-plane 
will be mapped to the point 

2   2 1/2 
(p-l)± (sod  -4Pr 

o s d - 1 - p 

we have ! 
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Hence, the point s0 - 0 is mapped to 

o    1+p   J1+p * 

Note that in the bandpass and band-reject cases we have a choice of two values 
for  z0,   since each is an image of the point s = 0. 

No matter what type filter we are designing, it follows that we can deter- 
mine the quantity K by 

N 
E 

K = 
i=l 

,) 

N 

c 
i=l 
n *. - v 

In computing this expression, computational techniques make it unnecessary to 
work vith complex quantities. 

MANIPULATION INTO CASCADE FORM 

By combining the complex eorjugate poles and zeros of the transfer func- 
tion HD(Z)  into second order factors with real coefficients, we can write the 
transfer function as a product of terms of the form 

z   + b   z + b 

z   + c   z +e 

There will also be one factor of the form 

z +b 
z +c 

if the order of the filter is odd, corresponding to the real pole. However, when 
one actually implements a filter, some recursive scheme is needed to calculate 
the present filtered data point.   With the transfer function in the above form we 
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can immediately write a set of difference equations that describes the filler in 
the time domain, and this set will correspond to a cascade realization. In the 
general case where the transfer function is 

v, %        /z + b,V z   + b„ z + bA     /z   + b„ , z + b, 

x        rV+CgZ+Cg/      \z   +c
N_!Z+c

Ny 

the following set of difference equations equivalently describes the filter: 

y2(n) = x(n) -c^Cn-l) 

y2(a) =y1(n)+b1y1(n-l) 

y3(n) = Vn) " c2y3(n_1) " C3y3(n_1) 

y4(n) = y3(n) + b2y3(n-l) + b3y3<n-2) 

y5(n) = y4(n) - c4yg(n-l) - c5y5(n-2) 

y6(n) = yg(n) + b4y5(n-l) + b5y5(n-2) 

yN(n) = yN-l(n) " CN-1 yN(n_1) " CN yN(n"2) 

y(n)   - K(yN(n) + b^ yN(n-l) + bN yN (n~2))  , 

where x(n) and y(n) are the filter inputs and outputs, respectively, and yj(n), 
yj(n) yN(n) are intermediate values determined by the above equations. 

The above filter could also be described by a single difference equation of 
order N, which would be an entirely equivalent time domain representation, if 
all coefficients could be represented exactly.   However, due to the necessary 
quantization of coefficients,  this so-called "direct form" realization is not 
recommended since it is much more sensitive to coefficient accuracy than the 
corresponding cascade implementation (5). 
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THE MAGNITUDE AND PHASE 
OF THE FREQUENCY RESPONSE 

To obtain the frequency response of a digital filter, we must evaluate the 
transfer function on the unit circle of ehe complex z-plane.   In particular, 
|Hrj(eJ"T)|,   the magnitude of the frequency response,  is usually of primary 
interest. 

Thus far we have  Hj)(z) expressed as a product of terms of the form 

2    . z   + b   z + b 
1 2 

2 
z   + c   z + c 

X it 

The magnitude and phase of this term for z - eJwl can easily be expressed as 
a trigonometric function of wT and can be simply evaluated for any w. The 
product of the magnitudes of ail such terms and the constant multiplier is then 
the magnitude of the frequency response. Similarly, the sum of the phases of 
all such terms gives the phase of the frequency response. The possibility of a 
single term of the form 

z +b 
z + c 

poses no additional problem. In the program we compute the magnitude and 
phase as above, convert the magnitude to decibels and phase to degrees, and 
then provide plots in the frequency range desired. 

THE UNIT SAMPLE RESPONSE 

The rate of decay of the unit sample response (i.e., the response of the 
filter to a pulse of unit height at time zero) of a digital filter is often of interest 
to the designer.   For this reason a plot is provided if requested. 

Since the transfer function,   Hr)(z),   can be viewed as the /-transform 
of h(n),   the unit sample response, we can write 

h(n) = Z"1  [HD(z)j   , 
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or 

h(n)™^HD(z)2n~ldz» 

where C is any contour in the complex plane enclosing all poles of the integrand. 
Replacing Hj)(z) by its pole-zero factorization, we obtain 

N 

IT<*-v 
K   f i=l n-1 , 

h<n) = 2^|l5 "-*       dZ- 

i=l 

Since the pj, i = 1,2 N will always be simple poles,  the residue at a 
specific Pj of the integrand is 

N 

n (p. - v 
i=l     j      *     n-1 

P; N rj 

For the special case n = 0 there Is also a pole at z = Q, but the complications 
Introduced by the additional pole need not be considered since we know by exam- 
ining (5) that h(0) must equal  K.   Defining 

N 

ITCPJ - v 
ß,= 

ILP< -p«) 
i=l 

we can then easily compute the unit sample response as 
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h(n) = 

N 

I 
i=l 

Ft 

K  iL   ^ Pi*"1   »        «» 

K n=0 

Although the unit simple response is a discrete function of time, the plot pro- 
duced by the program is a continuous function for ease in viewing. 

SUMMARY 

Butterworth, Chebyshev, and elliptic digital filters are realizable networks 
that approximate physically unrealizable filters having rectangular magnitude 
characteristics.   Each of these filters come arbitrarily close to the ideal re- 
sponse as the order of the approximating network becomes large.   Thus, the 
question of the order necessary to meet a set of specifications is usually criti- 
cal.   The computer program described in this report computes the minimum 
order filter that meets the particular requirements of the user,  and then pro- 
ceeds to design that filter.   The program also produces plots of the magnitude 
and phase of the frequency response and the unit sample response of the filter. 
The reader need not fully understand the theory presented in this report in order 
to use the program. Finally, for those unfamiliar with digital signal processing 
techniques, the instruction on how the filter transfer function can be implemented 
as a set of difference equations should be useful. 

27/28 
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Appendix 

LISTÜTG OF THE COMPUTER PROGRAM 
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CiEBYSNEV BUITERttORIn OR ELLIPTIC DIGITAL FILTEM 0E5IGN PROGRAM •••S1889«««. 
•KITTEN ÖT J.J.KOLCl.» 

IHIS PROwRAM WILL OEalSN ANY LOH-PASS» HlGH-PASS. BANDPASS OR 
o*NO«REJtCT m.TEP ■*<  BILINEAR TRANSFORMATION TECHNIQUES 

L*ST UPDATED 6 JUNE 1973 

«AkiABLE 

» • • «INSTRUCTIONS FOR INPUT SPECIFICATIONS 

TTPE    COLUMNS    DESCRIPTION 

k SKATt HtAL I-« 
k 
L 
k t-CLO« RcAL ¥-16 
k 
k 
k KHlbH RtAL 17-24 
k 
k 
k rtlPPuE RtAL .15-30 
k 
k FiLO*. RtAL jl-3» 
k 
k 
k 
k ►SMiöH RtAL J9-i»b 

k 
k 
k »I'PLYL HtAL ■•7-50 
c 
k UINU INTEGER S>I 
k 
k 
k 
I. 
k iTYPt INTEGER 32 
k 
k 
k 
k 
k 
k WHOLES INTEGER 33-Si» 
k 
c 
k 
c 1HLUT INTEGER 96 
k 
k 

THE NUMBER OF DATA SAMPLES PER 
TIME UNIT (USUALLY SECONDS) 

THE LOWEC CUTOFF FHEttUENCY 
(IN CYCLtS/TIME UMIT» 

THE gPPEh CUTOFF FREGUENCY 
(IN C.TCU.S/TIME UNIT) 

THE i,ESI*i£ü PASSBAND RIPPLE (IN UB) 

THE LOwEK FREGUENCY MARKING THE BOUNDARY 
bETWtEN STOPflAND AND TRANSITION BAND 
(IN cTCLtS/TIME UNIT) 

THE HlGHfcR FREGUENCY MARKING THE BOUNDARY 
bETatEN STOPBANO «NO TRANSITION BAND 
(JN tYCLLS/TIMC UNIT) 

THE MINIMAL STOPBANO ATTENUATION!IN DB) 

T*C UNO Of ,'ILTER UESIREO I.S. 
1 CHEBYSHEV 
2 BuTTERKORTh 
3 ELLIPTIC 

TYPE OF FILTER DESIRED I.E. 
1 LO*-PASS 
2 HIGH-PASS 
3 BANDPASS 
<• BAND-REJECT 

SETSO FOR CALCULATION OF REGUIRED ORDER 
OTKERWJSL SETSOROER DESIRED FOR BASIC 
LOW-^ASS STRUCTURE BEFORE TRANSFORMATION 

SETSI FOR PLOT OF MAGNITUDE OF H«> 
SET=0 FOR NO fLOT 
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.«PTS 

t-i.0« 

HlIOH 

I..TEGEP     37-60 NO.  OF PTS  IN UNIT SAitfMLE RESPONSE 
(OEFAULT  V4LUE  =100) 

Kw*L        oi-7o uo* t*in FREUUENCY OF PLOT 

KtAL /1-80 HIGH ENO FREQUENCY OF PLOT 

i»w»Tt—— IF NrOLtS.Nt.O   (I.E.   THE ORutR  IS SPECIFIED).  FSLOü.FSHlbH AND 
sTPLvL  »«t  |WT U&EO   (UNLESS ELLIPTIC)   SINCE THE GIVEN 0«OER 
LiETEnMI«£S   rnESE  »UA*TITI£S 

IF  Lv»-P»SS  JR HiöH-HASS.  FChlSH  AND FSHIiH ARE  NOT  üSEO 

IF m/TTERKORfH  IS DEsIRED,  RIPPLt   IS NyT  USEU 

tHE  „uA-jTITItS RlPPLt  »HO  STPLVL  SHOULD AL»AYS BE GIVEN  .GT.   0 

v. « » » * 

rlF.Pt.AT ÜATA LÄRO OF IHib TYPt. FOR EACH FILTER TO BE UESI&MEO 
i-L»Cc A 'ILAwr. OAT* CARD LAST 

UOuULE PRECISION CoEF(20.2).P0LES(I0,2).POLEZCHi,2),ZEROS(10,2) 
ÜOböLE PREwISluM tvEFN(<;0»rf)«CNST»<.ER0<.U0,2) 
DOuBLE PRECISION EPS2.Fl.*CUTl,t.CUT2,EAPNT,ANGLE,OA'WLE.WSTOPl. 
»•»l0P2,QME«A.0rfEG«,i.A.ti'CnJ»E.F.G,PR00,t)JFF,RMAG,KA"»GL£.THET». 
üi«l»SHJ'CNl.CN3.0i-."DN»>SN,0 
Ülht.JiiON A(100?).«(1000) »PHI (1000) iZ(200) 
OlhENSJON «(21) 
OiMENSiON  Hl(1000),H2(1000) 
COHPLEA 2PuLES("0), ZZEROS(<»0). tTEMp (t|0) r dETA (*0) 
COMPLEX PTt»Pl»*'TtwP2.iIEMP2 

ELLPTC (T) =1. 38629»Jol12Ü0* f»(, 096bb3Hi»«:59ÜO*T* 1.015*009238300+ 
iT»i.037<42bo3713n0+r».01'»5119621200)))+tjL0G(1.0/T)«(.S*T« 
«:<.l2<W«t593397U0*T*(.06Ho02»a576D0»T*(.0332835b3<»b00*T*.00<»<H 787012 
.100)))) 

READ INPUT SPECIFICATIONS OF FILTER TO til  DESIGNED 

a HEAO(J,&)   i»RArt.FCi.O«(,FCHIi.H,«IPPLt.FSuO»l,FSHlGH,STPLVL.IKINO, 
HTtPE»nP0Lt5.IP!-0T,NPTS'FLO*>FHl5H 

f   FOrHAT (3F8.C.F&.0>.:F8,0'F<».0.211.21«!, I».2Flü.O) 
1F(ITTPE.E«.0)     GO  To  lOOO 

«RITt  OUT   IHPUT  >PEClFlCATIOwS ON PRlnTEH 

K«iTEi».7)   SRAfE.Fi.L0*,FCHlGH,KlPPLE,F!,LO»l,FSHI3H.STPLVLrIXlN0. 
iITYPE.iiPOLtS.IPLO I 

/ FOKMATdHl/iax.'IiVUT  sPEClFICATI0I.S'///18X.'SKATE  =   ' .F6.«!//23X. 
i'FcLO*  =   '.F8.2//iu)(.,KCHIi»M =   ' .ra.2//3JK.   RIPPLt  =   '.FS.3//3aX. 

Reproduced from 
best available copy. 
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s 
i tou TO  1H 

Ä'Fv,UOl» =  ••Fa.2//»OX.»»rSHI»H =   • >Fp.2//U8X< "STM.VI. =  *,F6.2//5iX, 
O'lklNJ = '.UZ/SBArMTyPE = *ill'/bJX«'"POLES s '»U//6»X»MPLüT = 
*   '.Il> 
HN»«=SrtAT£/2, 
lF(FCLo*.Gl.F.4YO,Uit.FCHlGH.6T,FNYQ.OR.FSHl&rt,GT.FNYU.OR.FSLO*.GT. 

iFUrU)     60   |0  8    , 
IFiHPOLES.tO.O.ANU.STPuVL.uT.O.)     (,0 To 8 
lF<J.KlnD.Nt.2.AND.rtIPPi.E.u.0.S     So TO » 
IKi4PgLES.n£.0.*NO.lKtwU,Eu.J!     GO TO o 
IHlTirpe.bu.l.ANütKi.OfGT.FSl.üM)     GO TO 8 
imTYPE.tu.2.»NU.rCL0».Lt.FSLÜ«)     GO TO S 
U|In»'£.t>..3,ANU.(FCL04,LLFSL0N,0P..FtHIGH.jT.FSHläH>)     60 TO 6 
IMlTVHE.E«.H.AND.lFCLa«iGt.FS4,0".0k,F>.HI&H.I.T,PSHl»H)>     60 TO 8 
GO  TO  li 

o  nklTEUt?) 
■* F0Rrt»ra8X,»UESlG..  IWü'iSIöLE—iNcOtiSlSTENT  SPECIFICATIONS') 

GO  TO  J 
u toMinuE 

PlsJ.lH*5S»«:653'j897^i2i»ljü 
«l.uTl=jTANlPI»FCLOd/SRATE) 
IHITYt'L.U.J)     GO  TO  12 
*l.ur2=uTAH(PI*FCIIIuH/SkATE) 
üifFs«CUT2-tlCUTl 
KrtuUs4t.UJl.nCUT« 

U   irdiUnÜ.Ui_.2>   FPsi=(lü.0D0)*»(RlPPLr/10,0L»0)-l.OU0 
lKUt'JL£S.i'.E.0.A'W,IKlr,ti,Uu.3)     So TO aO 

uETtuMlNt'  M1..IMU« ORoEH FILTt* UHlCH MEETS  INPUT 
SPECIFICATIONS Ut.LES» OKüE"   IS Sf-'ECIFlEÜ 

»SlOPliOTA.dPKFSL-W/SKATU 
GO  TO   U3»i<».15.1.11.ITYPC 

I» OHt&A=«ST0r-l/»CUTl 
GO   TO   18 

l*   Gn,_G&=*CUTi/i<STOPl 

la  nS)0P<;=0TA,>(Pi«FSiu6H/bi*ATi.) 
IKlTrt'E.Ew.l)     Gu TO  1* 
0«tSA=uAMSi (*ST0Pl»*2-pK0DI/1«!»TOPi»DlFF )) 
OMt.GAl=DABi((«IST0P«:«»2-PR0U) /(»ST0f2»0IFF)) 
ou  To  I? 

lo  0"tuAiuABS11*iTOPi»UJFF »/IPHOO-WSTyPt»»2)! 
Ont&AUDABM t«STOPtltDlKF)/ lPj»00-*STUP2»»2)) 

17   It (OMtüAl.tT,OMEGA;       O1 EGA=OHtGAl 

lo bv TO   (19.vt'.,»0).iKlnD 

1*  \,i.sSi,HU(10.*»(STCuVl../iO,).l,>/EPii:) 
Wl) = 1.0 
VU>=0«tGA 
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SF(üMCVF*.öI.V'J)     I>U  TO 25 
00   KP   1 = 3.,.1 
VtI>=ü.0*OnCGA*VU-l)-v<!-2> 
IM VI lt.LT.VN)     Go  TO *0 
NPoLES=I-l 
too  TO 3? 

20 CONTINUE 

21 «KlTiHH.221 
2* fuKHATUOA.'THE St'uCIf JCATIONS REuuIRE  A FlLTtR OF  ORDER  ,<»r.   2CI 

bo  TO t> 
t 

2a hPoLESsl 
too  To  SO 

l 
iO  NKuLtS=AL0ol0(ie.»»(STHLVL/l0.)-l.)/(2.*AL0G10(0MEGA>>*l 

It-("POLES.o-T.20)     v>0  Tu 21 
00  To  JO 

•»U  A=iO.»»iSTHLVL/i'.0.) 
ö=I.PS2/<A»M-1.) 
C=i./lOKE(>*«OrfEGA) 
Uiu-LPlCU.-d) 
t=tUHlC(i.-C) 
F=LLLPiC(tJi 
WtLLt'TClCl 
l«->uLES-l»ir*E>/<D»w> 
IHiJI'Ov.ES.uT.20)     uO Tu 21 
u=oEXP (-NPwLtStP !•«/£) 

UO 42   1=1,iOO 
b=b**(l*I*j> 
lf(rt.Ll.l.u-50)     G«j  TO »5 

<ic COl.TIiWE 
HJ   F=0. 

t>=b**U»I) 
If(l.U.l.v-301     »o  TO <»8 ►•*► *o ^~rz^    msä 

<♦'/  COlJINuE 
<»o t»=U,».i»»0.25«0/(l,*2.«F))»*<« ■•—"^.«iüC?^»   COVJ>-^ 

U=tU.P|C(i.-H> 
FSLLLPIUB) 

L 
SU  N=i<P0LLS»(UTtW+l)/2> 

»KiTEIt,5D     U 
Jt  FOHHATUBX.'THE Mi.ilMU*  OKoE'<  FILTI.R  Wi.lCH MEtlS  TMtSE  SPEtIFItATt 

»Obs  IS ORUv.»   Mi, 
v> 
C  —•———»»-»—»——••—»- —»—•-—«—•—»-»•—•—.-•«»—•-•."— 
1. CALtoLAlE  TK.  SE(.0UU  OUAURANI  POLE  POSITIONS  IN  THE  S-PLANE 
(. OK  A  UNITY  OAWUKIüTH 10»  PASS FILTER OF  THE RE8UIREQ OROtR 
v. nEALlZlNvi  TrUI  TMEIK  COMPLEX  CONJUGATES  ARE  ALSO POLES 
i 

6U  IOt>0=MoO«NPOLCS>2) 
KS(UP0uES*l)/2 
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k*rtU=i.0Da/NPOLEa 
IFIIK1HD.EU.3I  GO   ro 9o ; 

DMnGLt=Pl«cXPNT 
*=1.0 
0=1.0 
Ir(lKluO.Eu.2> 60 fO ?Q 
C=(OSttRT(1.000*1.0jO/£pS2)tl.OuO/UbOPT(£PS2))»»EXPNT 
A=.5O0«CC-i.0O0/C> 
b=.5O0*(C*i.030/C) 

70  *N(,LE=0,0 
IFOOOu.EQ.O!     *N(iLE=D»nGLt/2,000 
ÜO 80  1=1 tu 
PULES(1•1)=-1.0D0«*»0CoS(AnGLE) 
PÜLESU»21=B*DSINUNGLE> 
AU6LE=«NGU*OANGLt 

60 CONTINUE 
bO TO  110 

i. 

90  ns-(6/FI«uLOS((OS-RT11.»t* «4)♦1.)/USOMT(EPS2)) 
fiui3Hf(l.-C) 
INulCSl 

L 
- 9«! Ö=ELLPIC(F«F> 

b=tLLP|C<l.-F«F> 
Q=uEXPl-PUO/ri) 
AUo»-E=HI»A/(2.*B) 
SNafl, 
DO 9i»  j=0»iC00 
ü=(Q«*(J*ol )/0.-a»»(i«J+il) 
SU=SN*U«DSIN((2»J+1.)*AN6U.) 
IFiU.LI.l.u-30)     bo  TO 9b 

9*  COl.TIrtoE 
9S SN=(2.»HI*bNI/(f»o) 

t 
60   10   <9b.*8).IM)K 

(, 
9u  i<i=SN 

CNJ.=u:»uRTU.-SNUS>.il) 
On=DSuRTU.-(F*SNi >•»«:> 
I»ülC=<i 
A=(i-iuOD)»E«exPNr 
F=t,SQKHC> 
1=0 
GO  TO 92 

9o SNoiSiM 
C(«J=DSJRT (i ,-SU3*S>.«3) 
liN jiOSgRT (1. -C»SN J»SN3) 
Ui»l 
POLESli»l) = (SiU»C><i»CNj«DNJ)/(l,-SNl«SM«nN3*UNn) 
POi.Eä(lt2) = (SN3*0»i)/(l.-Sia*SNl*ON3*ON3) 
!*• lI.tJ.l.«ND.lOOu,La.l>  l»0 TO 100 
2EK0S(4.1)=0, 
itH0S(l.2)2l./(0SU.(T(C)«SN3» 

10U A=A*(i,»E»LXHfn) 
IFtl.LT.X)  GO TO 42 

: 
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HAP   (HE  S-PI.HNE .-»OLE!.  TO  THE Z-.Pi.ANE USING  TM£ BILINEAR 
fRANarORMATluN  TAKINV» THE  CUTOFF  FREQUENCY  ANO TYPE  OF 
I-ILTLP   INTO «CCOuHT 
ALSO,   IF  ELLIPTIC   IS OESIHEO CARrtY  OUT  THE  SA*E  PROCEDURE 
»■OR  1HE  ZEKO;> 

L 
UO   lF(ITYPE.o|.2)     So  TO  1*0 

U=l 
IFlITYPE.Lv..!)     6J  TO  1»0 
IMXOUu.Ea.O»     SO   10  120 
HOLE,t(i.l)s(POLES{i.l)+*CUTI)/(POLtS(l,l)-WCUTl) 
Poi.tZU.2>;e.O 
IFii.POLES.ta.l)     uo  TO  300 

12u L=j 
c 

UO   140   IsL.K 
As»OLti<I>i) + JlCUTl 
U-fOLEod.ul 
ÜS»'OLta(I»i)-*CUTl 
POLE2(j»l) = (A«0*U*i!)/(ij*D+il»H) 
POuLZ!Jt2!=(u»D-»»u)/(u*0»o»DI 
POL£Z!J-H.11=P0LEZ|J»1) 
^üLtZU+l>i)s-1.0LiO«POLtZ(J>2) 
Ir1lKli40.Ni.,»     SO  TO  125 
Ztr-üZ(J>l) = tZf:H0Sll.2).ZEKuS<I.2)-wCUTl*WCU11)/(ZtROä(I.2)« 

12tHOS(I»2)♦WCUTI*»CUTl) 
Z-.MOZ lJ.2>-2.«ZEHo3< 1.2 )*WCUT1/(ZEK0S( 1 >2> »ZEHOSU .2 )+XCUTl*WCuTl) 
Zu,OZ(J+li|)=ZEt'OtlJ,l) 
ZtMOZ(J+l»4)=-ZErtu«;iJ>il 

12i> J=j*2 
140  COuTIi<uE 

6U  TO  400 
t 

UO  CiLOJO/wCuTl 
11-(IOUü.Eü.O)    so ro ibO 
POLU11»1)-(POLES(i.1)»C)/(C-P0LES11.1)) 
POLtZ(l>2):C,0 
Ir-(UPOuES.wO.il     C»  TO 300 
0-* 

150   L=o 
V 

Uo   160   I=L,K 
A:pOL£s(l.i)*C 
oiHOLE^(I...l 
U=C-PouES(l,l) 
P0i.F-Zlo.l)i(A»D-8»ol/lu*D*d*9) 
PULtZ(o.2).(a»D*A«u)/(o*Oto»'<) 
PUi.fcZtUU.il =POLEJCIJ.1I 
POi_EZ(J»l><)--1.0oU*POLtZ(J>2) 
IFilMnU.Uu.3)     GO  TO  I» 
ZthOZ(j.l)r<C»C-ZtnOS(I.21*ZeKOS(I.^))/(C*C*ZEHC"j(I»2)»ZEHOS(I.2>l 
ZLhOZtj.2l-2.»ZfR0j(:,2)»C/(C»t+ZEHOS(l«a)«^EKOS(l..-:)» 
*tK0t<J*l.l)=2EJvüZvJ.l) 
ZCHOZiJ* 1.< I z-Zl HOi.(J.i I 

i5b  0^0*2 
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160 COMINJE 
Gu  TO  300 

t 
170  IF,WP£.E«..3J     liu TO  l90 

Ou 180  1=1,K 
AIpOtEbdrl) 
POt.ESU<l>=P0LES(I,l>/<eou.S.I,l!«>»2*PoL.ES(l.2>«.>2, 
P0LfcSU»2)=~PQl.ESU»2)/<A»*2»P0LE!»lI.2)»»2> 
lF(IXi.nO.Nc.,3t     60  TO  JOO 
IFtl.Eri.liANO.IOOu.cO.t)   GO  TO  160 
A=l<.KO'.,U,i) 
a.K0S.i»l>=ZER0SU.l)/(2EROS<I,l>*»2«ZtR0S<I.2>««2) 
Zc.K0Slip2»=-ZeRCS<».2>/<A«*2»ZEROS(I,2)*«2> 

ISO CONTINUE 
C 

IM  INoIC=0 
19U CONTINUE 

J=l 
t • 

DU 200  1=1, K 
IF(I,Eu,2,HNO.IODfaEQ.l)     J=J+2 
IF i (I.toT.2) .OR. I I..-J.2.ANO.IOüu.Ea.0))     jsj+t. 
A=olFF»DIFF«(POLE3tI,l)»»2-P0Ue.Sll,2)»»«,)-'..*P«OÜ 
aii.*POLESU,l)*POuES(l>2)»ÜlFF»DIFF 
RMA6=(A«A*O«B!««0,<;5 
RAM>Uc=OATMlti(B,AI 
AIRMAü»DSI.»(RANGU./2, ) 
B=KMA6»DC03(RANGLt/2.) 
C=l.*Pr<00-üIFF«POLtS(I,l> 
ü=oIFF*POLtS(I>?l 
IKINOlC.Evi.l)  GO TO l«8 
INCKMT=2 
IFU.EH.I.MNO.IODU.EO.I)  IMCRMT=1 
POut2(J,l)=(!l.-P«oO+B)»C-u*A)/(C«c+0*Ü) 
POLEZIa.2)i!l!*ti.-fR00*i.')+C*A)/IC«C*r)«0) 
PUi.EZU+IN».RMT.l):=l(l.-PROu-H)*C*0»A)/(C«C+ü«o> 
POLt2(j+INtRMT,2l=(U«(i.-PhOO-b)-C»A)/(C«C+U»Ü) 
IFiI.Lj.i.ANCi.IODü.EQ.i»  oO ro 200 
PULEZ(ü+l,l)s»0t-EilJ,l) 
P0(.EZ(o+l.»;)=-P0Lt*(J,2) 
POLEZ(0*3 < X)SPÜLE*IJ+2,1) 
PwLEZ(J*3«*!s-P0Lti{J+2,2) 
GO TO 200 

19s IFlI.Eu.l.xNO.IOOu.Ea.i)  uO To 200 
ZtKOZ(J»l»s((l.-P«uO>B)»C-u«Ai/(C«C*D«>0) 
Ztf,OZU,2)i(D*<l.-PHOD*H)+<„«A)/(C»C+0«>0) 
ZthOZlJ*2,l) = ((l.-fR0D-d)»i.*O«A)/a»C*Li»O) 
ZtR0Z(j»2,/)s(0«<l.-PRo0-Ö)-C«A)/(C«C+O*0) 
ZtROZtJ+l.ilsZEROZ»J.l) 
ZEK0ZSJ+l<tl=-ZER0i(J.2l 
ZER0Ztj*3,l)=Z£R0Z(J+2,l» 
ZtKOZU*3«!l=-ZERO<.t J+2,2) 

200 CONTINUE 
L 

IF(UI«O.Nt.3.0R.IN0IC.E8.1)   GO TO 300 
i 

00 210 Iil.K 
POLES U'1)SZ£R05U,1) 
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PUL.ESU.2)iZEKOS(i,2) 
<!iu cwijiujt 

I>iuIC=l 
uu  To  i«#b 

■Joo cui/riwjt 

lHlKi;<D.L„.3.AUü.iODO.tu.O)     60  Tu 410 
IFilKl..D.U.3>     Uii(ITYPE*ll/2 

.-ILL UP  TUfc  «.EROs  ARKAY  ».TH  THE  2-PLANt  ^-HüJ   (UNLEb'j ELLIPTIC) 
IN  «»ICH tAbu  THt   ZEKOS HAVE  HElH CALCULATED1. 

Uo 'too  1:1. NZ 
GO TO   (310,320,330.3"»0)>ITlP£ 

3iu  tt-«0Z(l.l)i-l. 
Zfci,OZU.2>-0. 
Go   10 *>00 

»2U  Z£«uZ^-,l)~l. 
Zth'JZ(i.2)iO, 
Go   10 H00 

-'30  Z4H0zri,l);(-l.U»H + l| 
Zt.hOZ(I,2tiO, 
toü  TO  •«CO 

i'tO  £tKOZ U , 11; (1 ,-Prto-.) /(1. tPnO1«) 
<X,vOZli,2>-(-l.W»(I*t!*2.»DSukTiPhOP>/U.+PKOu) 

»00   COivTIHOt 

- utTtnMlNE  Thi»  COtFKUIENTS  IN  THt  UENOMlNATOK POLYNOMIAL 
» OF  TiiE   TRANSFER  f-JUCTIOn BY  COMBINING  THE  COMPLEX CONJUGATE 
fc I'ULt  PAIRS   i..TO «tAL  SfiluMO O^DEK  FACTORS.   IF  THE  ONUER  IS 

ODD  IHEKt   WIuL  A,.JO UE  ONE   TERM OF  OHOC«  ONE,   CORRESPONDING 
o TO  TiiE  Ht]AL POLE 
V FOLLo*   THt   _.*M£  P«OCLOURE  To l>ETt^«lNE  THE  NUMERATOR  COEFFICIENT* 

■»10 jzk 

lFtITYpE.G|,2.Uli.i,,Du.tw«0> 
toLKi,l);-P0LE7(l,l) 
CuuFH<2)='J. 
CoLFNU.l>=-ZEROZU,l> 
CotFM(i,2>=C. 
IF   (NPuLES.NE.l>     uO To  '»'»Ü 
E=i.nuu 
IF(lTr.<£.E„.l) 
H-lITrVE.tw.i.) 
GO  To  uOO 

tuo j;,. 
«SO  L=o 

JFilTfPC.toi.2J     M=,iP0Lti 

«0 TO "»SO 
Reproduced fro._ 

best BVBjUWeJo»-.'. 

C=a.*CntFll»I))/(l.*CotFN(l,l>) 
C=11.-cOEF(1.1))/(1.-COf FN(1,1)) 

Uo  "fe')   I-LiM 
COtF(111) =-P0LEZ(J> 1)-,-ÜLEi.< J* 1 • 11 
COLF(l»2):pOLEZ(J,il«Pu«-tilJ»l.l)»pnLEt(J,2)»POLEZlJ,2) 
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C0tFNU«l)=-Ze«OZ{.J,l)-ZERUZU*l.l) 
COtFN(l»ZJ=2E«OZ(J»l)»ieHOi:(J»l.»l*Z£Roi(J.2»»2ER02iJ»2) 

«60 CONTINOC 
(, 
C ————»——»-»————-»————<———.-.-.——..—..-.«...'——.-. 
I »OK IMAT WE riAVE THE POLt-ZEHO PATTERN OF THE DESIRED TRANSFER 
C FUNCTION» HI«,), .£ HAVE UETCfcMlNtO H(Z) UP TO SOME CONSTANT. 
C NEXT OETERMIiC ThAT CONSTANT. 

c 
ESJ.OÖO 
IHI0OD.Ea.0.ANO.UlNO.NE.<£>     E=l.ODO/OSaRTUr0DO*EPS2' 
Csi.OUO 
GO  TO   l»70.i»80.*90,H70l»I''rPC 

L 

470 DO »75  1 = 1.M 
.1?i.+CuEFrnl»l>*CUtFNII»2) 
B=1.000*rOtF(I»J)*cOeF(I.2) 
C=i.*(a/») 

«73 connive 
(ju TO soo 

t 
•»60 ÜO <«8ä 1 = 1. K 

A=l.-CoEFNU»l!*CUi.fNU«2> 
B=l,OU0-eotFU»M*tOEF{I»2) 
C=i*(d/A) 

»8i CONTINUE 
60  TO  SOO 

i. 
■♦90  THfc.TA=üATAu2 (2 . »OSuRT! pHOO >»1 ,-PRüU) 

F=UC0S(2.»IH£TA) 
GsyCOSlTHErA) 
D=U5!Nt2,«|H£TA> 
8=USIN(THETA> 
DO 495  Isl.NPOI.es 
ö=„SQHf(<F»CÖEFCI.,j.!.G*C0EFU.2)>o«?+<U+C0EFU.l)«e)o*2! 
ASüS9HT((FtC0EFN(l,l}*6*C0tFN(l,2))»«2+)D*C0£FNtI,l»»«>«»2) 
C=L«(Ö/AI 

495 CONTINUE 
I 

500 CN<,T=£»C 
k 

C CALCULATION» ARE'COMPLETE. WRITE OUT THE TRANSFER FUNCTION 
t «S A RATIO UF POLYNOMIALS WHICH CAN BE IMMEDIATELY 
C IMPLtMENTEU iN »C*SCACE' FORM 

c 
UKlTEU.510) 

510 FUHMAr   (////iax>'Ti€  TRANSFER FUNCTION.H(Z).   OF  THE DESIRED FILTER 
1  C^N »L EXPRESSED'./18*.'IN THE FOLLOWING FOfc.-J 
iKlOOü.Ea.l.AND.HYPE.LT.i»     »RITtU«520> 
IF(IOUu.E«.0.OR.ITfPE.&T.2>     *RITt(<t,530! 

520  FOh«AT(//Sox.!Z*B(i),.7X,»^«*2*8(2|»Z+Ö(3)'.13)l.>Z»*2*ö(N»i)«Z+e(N 
lf'./3!>».'H(Z)  s CNiT •    ——       •       ———»....•«.       «  .,,  » 
^.„ —————•./5üX.U*C(l),.7X,'i*»2»C(2)»Z*CO)'.13X.,Z*»2+ 
■SCCu-IW+CiN)') 
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| USi.O 

530 F0KH»T(//b0X.,2<*«:*8(l)»Z*t>(2)«,7X,,Z»»2*B(3)   l»B«»>' .13K. 'Z»»**B( 
iW-i»«i»B(N|«./iSX.«M(Z)  = tNST  •    -.——»—•——       •       ———— 
,..-_.        ,   ...   *       __..-—..-_—-r.,./50X,'*.»2*CU>«Z+Cl2>«,7X 
j.'t»«<«C(3(»^*C<'»l,»lJA>ti»»2«C('J-l>»Z*C(N),> 
■klTEU.S'Jüt     CNST 

bttOFGhUAI   l//i8Xi«»MLi<E  Tut  COEFFlCXthTS **<E GlVtN B»' >//35Xt «CNST  s 
i<fU«;3.ib> 

U.uK=u 
JHIOUu.EG.l   .»fI0.lTYPk.LT.31        lNtiIC=l 
Liu  b60   1=1,N 
Jl = <I*lliüIt*l)/2 
J2=2-I-MJ<WINUIC«>I-1/II-''S0IC + 1> 

»hlTE(i.5bu)     I»Cut-F(Jl«J2)«   I   ,CutFN(ul»U2> 
JbG Fut.KAI   (lBA>,(.(,>l^><):'tU23.1!)ilOAi<B(>>l2>l) = ,tU23.l!>) 
S60 tut.TJUjt. 

*mjlEW.b7ül 
b7U t-UKi »Ti///iex..'THi.  TRAiySFEK FUNCTION  Ib EXPrttbbEÜ  IM THE  ABOVE FOR 

i> iU  InAT'/iaXt'Tht. COtf-FKIEliTS CMN BE USED  Ab GIVEN  IN A CASCADE 
t  4KPU.wENT..TI0t. OF   TME r'ILlERM 
lh(lPi.uT.Ei..OI     GO TO b 

► LOT  TUE  >'AG..ITUüt  AHO PHASE  OF  MtZJ   »S i  yARlES ON  THE 
•UNIT  CIKCLE   IN Tut  CuMPLEX  PLAHE 

«LO»I2.«FL.»«PI/SM«TE 

t>»U(iM=i.«Fr,I6H»Pl/sRATt 
hA|,&£S..HlGri-HLO* 
UA:(FriiGH-rLO«)/lC,0 

L=l 

UO  oOO  l=l,10C0 
X(i)=«(.O*+rLOAKI)»H»Ni,E/10O0.0 
biM=SlMXiI> I 
bIli2X=>IWU.«X(I)l 
COb*=CuS<Xll>> 
Cub'X=>.05(«..»X(I)) 

IKlOüu.Eü.O.Ok.ITtPE.b'.Z)     GO  TO  b«0 
AslCObA+COtFNUtl)i»»2<blNx»*2 
b:(COiA*Cüi.F (l.U )»«2+bI'JX««a 
U=t/SW<[(A/t,l 
Kl=v.Ut.i-t.U,lt+COSA 
kciCOEHl,l)»CGSX 
IF lAHSlSIIlA).LT.l.t.-lO.ANO.AMS(Rll.LT.l.e-10)      R1=1.E-10 
lKAIIblSINA).LT.l.i--10.ANO.AOS<H2).LT.l.E-10)     *2=l,E-10 
KKzAT«n2(biNXfRM-«TAN/<SlNX,K^) 
\--c 
IK'IPULtb.i-(J.l)      GJ   TO  b9b 

•iaO  tuivIlKUE 
UO  590 U=L,M 
C=iC0S^X*CuEF(J,ll«COSA*COLFlJ,2))»«2+(5IN2X+COt:FU»l)«SINX)«»2 
A=tC0b£X*CuEFii(J>i)»C0<,A*CuEF!<(J,2))**i«(SIIi2A+COEFN(J,t)»blNX!«»2 
B=b*ObuHTU/C! 
Rl;bIHiX+CuEFW<J.ll»SlNA 
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590 
■J93 

b9o 
S9* 

K«:::C0S<.X*Cu£FN!J.l>«etM+CoEFN<J.2) 
K3jbJ^^X*Ci/EF(J.l)»SINx    " 
H4SC0:»:X»CV£F(J'U«C0SI»C0LFIJ>2> 

IF (AöStRl).LT. l.E-lO.*t,U.AUS (rfZI.LT .1.1.-10)      K2=l.t-10 
IFlÄUi(H3).LT..'.E-iO,ANJ,*oS^I»).l.T.l.L-101      KHSl.t-lO 
NK:;NR«rfTANi(Rl,K2)-ATAN2<K.),Ri*) 
CUI.TJNuE 
i>-(H,i.r.o.ooi/CMsri    GO TO 59B 

»I1I='!U.«üI.0'J10(CUJT»B) 
lKriJl.LT.-SO.Ol     Y(ls;-b0.0 
i»o  To  j99 
T(l»=-sO. 
A(l):XiI)»iRAT£/(2.0«Pi) 
MPi=lFlX(O.S««H/PJ) 
FlU U)=HR-i.»NPl«Ci 
IF(PMIII|.LT.O.>      PHI(I)=PMHI)*2.»PI 
PiiilI>sl80..PHIU>/P: 
Coi.Tl'tvJt 

CAui- MoDES«<Z 
CAu"- OjJCTulZ 
CALL  Su3JLu(Z 
Cfc|_L   ÜKluGlZ»! 
CA..L LAÖELuU 
CAi_L LAßELu(Z 
C«LL LiNESulZ 
CALU UTLEotZ 
I'CLOI OF I,,L ' 

?0l 

10c 
70s 

711 

71«! 
71a 

7bU 
aoi 

SO«; 

CMLL ojjciuiz 
C«LL  SOSJtolZ 
CALL  LL6NDV.CZ 
60  TO   1701,702 
Ol_l   LUSNUOU 
60  TO   /OS 
c*uL LLSNU^U 

CALL LtGNLi„(Z 
CALL UUMHK»(Z 
U(lKli<D.£u,2 
CA|,.L Li.6NUu(Z 
CAUL NuMHRoiZ 
6u TO fbO 
CALL Lc&HüulZ 
60 TO Mb 
CALL Lt.GhOu(Z 
C»L.L LLSNIMÜ 

CMLL LuGNDulZ 
CALL NUMHKufZ 
CALL NoMBHofZ 
if (lK.l,Jl>,Ej.2 
CALL 1.V.&NÜUIZ 
CALL NuMBt<„(Z 
60 TO 1801,802 
CALL U.C-NLVIZ 
60 To a50 
CALL LtGNOulZ 
GO To oSO 
CALL LL'iNUuiZ 

0) 
b00.0,50j.0o0S0.0>i050,0l 

>FLO»,-50.0,FrtISrt,0.0, 
U'5.0,0.0'0.0) 
0,T«JÜX»0»8.2> 
1>10.0.O.b.l) 
1000,X,T) 
29,'rREatJtNC»   IN  CYCLES/TIME  UNIT'.B.'DECIBELS',t,l» 

lAGriilOJE  OF   |HE FKEWUENCY  «ESPONSI. UF   TH£ FJLTtRM 

JOSO 
O.fO 
^oa. 
,711 
200. 

200. 
200. 
H50. 

Go 
200. 
ubO. 

2C0. 

200. 
200. 
2P0. 
«DO, 
URO. 

GO 
200. 
<tbO. 

«01 
200. 

200. 

200. 

• 50o.,"»095.,30ä0.) 
<lüi*'>. ilOO.) 
90..21,'DESCRIPTION OF  FlLTEi(') 
712).ITrPE 
»0..ö,'LO«< PASS') 

BO..1', 'HIGH PASS') 
60..e,'LUTOt-F=   ') 
60,,7,2,FCLO*> 
TO  7b0 
55.,UI'KIPPLE=   '< 
5b. ,•♦.2,RIPPLE) 

8n.,ü,'uANÜPASS'l 

80.,11,'DANt) Rfotcr«! 
60.,^,'tUTOFFl:   •) 
55,,5i,'LUTOFF2:   •) 
60.,7.2,FCLO«) 
b5.,7,2iFCH16HI 
TO  7b0 
50,,»I'KIPPLE=   •) 
50,,»,2,HIPPLE) 
. IKi'.D 
75.,«, '(.HEurSttEW! 

7b,,11,'BUTTER«ORTH«) 

75.,a,'LLHpric>) 
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TR 4629 

*S0 Oü- LtGNtMZ.200.«7o.,7,«:>RATE=   •) 5 
CALL nuMBKu(Z.»00..T0..7.1,S«*TE) 
C/.LL U.0NUu(2f2P0.»6S.>T,tUR(ief(-   .) 
CALL NUMBKV(Z.'*0Q..65.,2.N) 
ULL P*6EbiZ'0.1.1i 1 
CALL  OuJCt»(2'!>00..500.>«000, »2800.1 | 
CALL  SueJ£»(Z»FLO*.O..FHJfa,(,1«,o.) 
CALL u.<ID6iZ.DX>60.,0,,0,) 
CALL LAüELu(Z'0»T«oDX.0'8.2> ? 
CALL L«BtLu!Z.l.«>0..0.^.1) 
CALL i.»NES>u(Z»1000»X,P„I) I 
CALC r^LLv(Z>i9,'t-HEQilLNC1   IN CVCi.ES/UME UNIT • ,7, «DEGREES' ,57. 'P 
iLOl OF THE PHASE ur THL FRcQUENCT «ESPOUSE OF THt FILTER«) 
C»LL P«GEI>(Z»0,1,1J 

tOMPuTE AN») PLOT THE UNIT SAMPLE RESPONSE AS THE INVERSE 
i-TRMNSFOK*   wlF   H(Z) 

Uu 900  1:1.N 
KirPOLuZH.l) 

MlrZEHwZU.il 
rt*iZEHoZ(I.2) 
ZPi/LEilI)=LMPLX<IU.N2) 
ZTt"P<ilsl. 

'00  Zzlj<Ob(I)=(.MPLX(Ri.Ri.) 

UU  920   1 = 1,N 
PTt.Mpl;-CMP1.xU.>0.) 
PlL»P<:=:CMPtXU..1.) i 
IW 910  Jsl.N 
PlLMPl-PTEnPi«t?Puv.ES( (WZERUSI J)) 
If-(J.Ed. I)     SO TO  *10 
P ILMP2=PTE,.,P2« (ZPu.ES(I)-ZPOLtS(J)) 

910  CU.jTI.M. 
ULiA(i)=PT,.MPl/PTtHP2 

920  CüI.TIIJUE 

H1|1)=0. 
Hull."' •VST 
Hn^XsviibT 
lUiPTa.Eä.Ci     NPfjiiOo 
P^!i=FLJAT<,«'VM 
uo 9bo 1=2,NP; ■ 
ZTL*P2=0. 
UO 9J0  Jsl.N 
ZlLl'P2=ZTt,viP2*rtrTMiJ)*zTEMP(J) 
ZlL^P(J>=ZlEMP(J)»iPOLtS(J) 

930  COnTlwuE 

HIlDSt-'LOAIIt-t) 
Hi(l)=i.NST.RCAL(ZlLMP2| 
IF(AHS(K2(1) 1 ,6T.H,iAX)      HMAX=AuS{rli (I) I 

950   COHTINJE 

HKA*sl,05»riMAX 
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TR 4629 

IMHMAx.LT.0.002)     HH»AS0.00J 
MhlNS-llHAX i 
0II:M«AX/2.3 j 
OxsUPTS/lO 

CAkL   SjB.''.i»(2.0.tii:4lN»t'IS»HMAA) '! 
t«LL   <»   "J6(Z,(>TS.M«AX»u.>fi<l ! 
CMLL L«ötLu<Z.O.lM,0.<») 
CALL  L«UELuCi!.l»(M.0,6.3) 
CALL   Lif4ESuU.NPTi.Hl.H2) 
LALt  TiTLEwU.lS.'hEWV'SE  NUMuE«' .12. «OUTPUT  VALUE'.38.«PLOT Of U 

»NU   SArtPLE RESPONSt OF ULTER«) > 
CALL PAGEG<2,0.1.1) 
MIO   3 

L 
1Ü00 CUNTIUUE 

CALL EAITGIZ) 

thü  IK  LLHt'lLATloHi r.0    DlAunOSTlCS. 

till       ca. i'^ft^', 23 JUL  73     0St«lU«       0     0a2l»6«>70 l«,       TU     (OfLETED) 
SUoo9       (.Out -fcu^AiAttLt 23  JUL   Ti     08:<»1:1<.       1     04272232 «8 1     (OELE'E") 

0    04272312        1«      3*7 

«lAf,        Aul   iJub» U:«BI3«.  so 
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